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1 Introduction

The use of inertial measurement unit (IMU) in robotics has been widely studied and applied in various applications.
Especially with the preintegration technique [1, 2], IMU measurements can be efficiently fused with other sensor
modalities in an optimization-based framework by combining high-frequency inertial measurements between two
time instances into a single relative motion constraint.

Preintegration on manifold was first proposed by Forster et al. [2], which only considered the manifold structure of
the rotation group SO(3). The work was later extended to SF5(3) for improved consistency and accuracy by [3, 4].
For instance, [3] proposed a preintegration scheme with consideration of the rotating Earth effect, which is important
for long-term navigation. A paper by Wang et al. [5] introduced an enhanced discretization scheme for preintegration,
where the mean is propagated using the exponential function of an automorphism of SF5(3) and the covariance
is propagated using the Magnus expansion. Recently, Delama et al. [6] derived a novel discrete-time equivariant
formulation of the IMU preintegration on the Special Galilean Group Gal(3) [7].

In this section, the IMU sensor model is derived based on the work of Wang et al. [5] and Brossard et al. [3]. Galilean
Group structure is not considered in this thesis because the uncertainty in time is not modelled.

2 Noise Models

Noise Density

Averaging a noisy signal and outputting it at a lower rate reduces the measured noise of sensor output. Noise density
provides the noise divided by the square root of the sampling rate. By multiplying the noise density by the square root
of the sampling rate, the discrete-time noise standard deviation at that rate can be recovered.

Random Walk

If a noisy output signal from a sensor is integrated, the integration will drift over time due to the noise. By multiplying
the random walk by the square root of the time interval, the standard deviation of the drift due to noise can be recovered.

3 Sensor Model

This section discusses sensor modelling for accelerometers and gyroscopes.
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3.1 Accelerometer Model

Accelerometers measure specific force fy, in units of ms~™2. A simple three-axis accelerometer measurement is [8,
§4.4.6]

f,(t) = (L+ M) £, (t) + By () + ni (t), (1)

in which M® € R3*3 contains a combination of scale factor and misalignment errors, B;}(t) is a time-dependent bias,
and n (t) is Gaussian white noise. The misalignment matrix is

S1 mi2 M13

a

M®* = |mo1  s2  mas|, 2
ms31 Ma32 S3

in which the s; are the scale factor errors along the i-th axis and where the m;; are the cross-coupling errors between
the i-th and j-th axes. The time-dependent bias 3¢ (¢) is frequently modelled as a continuous-time rate random walk,

B =m0, it ~N (0.0 —T)). ©)

in which Q" is the power spectral density (PSD) associated with the rate random walk, in units of m? s~°. Finally,
the continuous-time Gaussian white noise is characterized by

n'(t) ~ N (0,Q% (t — 7)), )

in which Q% is the PSD associated with the white noise, in units of m? s™3

argument for brevity, a simplified accelerometer model is

. Assuming M® = 0 and omitting the time

f, =, + By + . (5)

3.2 Gyroscope Model

Gyroscopes measure angular velocity w.r.t. an inertial frame wgi. A simple three-axis gyroscope measurement is [8,
§ 4.4.6]

By = (14 M7) (1) + BIB(6) + B1(1) + mi (), ©

in which MY € R3*3 contains a combination of scale factor and misalignment errors, B9 € R3*3 encodes a g-
dependent bias induced by the specific force, 3] (t) is a time-dependent bias, and 7 (¢) is Gaussian white noise.
The misalignment matrices MY and BY have a similar structure to (2). The time-dependent bias 37 (¢) is frequently
modelled as a continuous-time rate random walk,

B =21, mot) ~N (0,95 —7)), )

in which Q%9 is the power spectral density (PSD) associated with the rate random walk, in units of rad® s—3. Finally,
the continuous-time Gaussian white noise is characterized by

n9(t) ~N (0,99 (t — 1)), (8)
in which QY is the PSD associated with the white noise, in units of rad®s~*. Assuming M¢ = BY = 0 and omitting

the time argument for brevity, a simplified gyroscope model is

oy =wpt + B + . 9
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4 Kinematics

This section derives the continuous-time kinematics of a vehicle on the rotating Earth as a function of the IMU
measurements. The continuous-time kinematics of a vehicle on the rotating Earth is given as

Cap = Cap (W)™ — (w2)™ Can, (10a)
vEo/a = azo/ifi g (wat) ™ yEole _ (wat)™ (wat) " rze, (10b)
20 = véo/a. (10c)

Replacing the velocity kinematics with a specific force model yields

Cap = Cap (W)™ — (w2) ™ Cas, (11a)
Vil = Capfy + 8a(9) — 2 (i) v, (11b)
P = vl (11c)

Now, (11) is composed of the specific force f}, and the angular rate wfji measured by the accelerometer and gyroscope,
respectively. However, the given kinematics equations are highly nonlinear and are difficult to realize in a compact
form. The following section presents a realization of a compact form of the continuous-time kinematics equations that
can be solved using the differential Sylvester equation.

4.1 Compact Form

Note that gz‘)/ ¢ = gzw/ e+ g)wo/ @. The time rate of change of a vector from Lw" w.r.t. the local navigation frame
: : : zo/a zw/a :
Fo is Q) resulting in 2, 2, . Thus, (11b) and (11c) can be rewritten as
Vit = Canty + 8a(6) — 2 (wi) " Vi, (122)
Y = yEw/e, (12b)

Now, consider the auxiliary velocity gzw/ e gzw/ ¢+ g)“i X “ introduced in [3]. The time derivative of the

r
auxiliary velocity w.r.t. frame F, is

0
(gzw/i>.a: (E;fw/a).a +Wx szJrg)‘”X (1f“’>a (13a)
_ <£>zw/a) e i gai « E)zw/a. (13b)

With slight abuse of notation, .7:' I3 Zw/ = ( E)Z“’/ )", resolving the above equations in F, yields
vEw/t = yEw/a g (wal) . yiw/a (14a)
= Canfy +8a(¢) — 2 (i) " ve"/" + (W) " v/ (14b)
= Casfy +8a(¢) — (wi') " vi/" (14c)
= Canfy + 8a(0) — (wi) ™ (vi/" = (wi') “rz”) (14d)
= Capfy + 8a(¢) + (wi) " (w) " 12" — (wi) " v/ (14e)
= Canfy + 20 () + (W5') ™ (wl) ™ (r3° — 1) — (wi') " vi/". (14f)

Substituting gravitational acceleration into the above equation yields

Vil = Capfy + B0 — (W)™ (wi) 1+ (wi) ™ (ws)™ (20— r©) — (wi) " vieli (152)
= Caofy + 80 — (i) (wi") " r” = (W) v/t (15b)
= Cafy + 8alw) — (W)™ vEw/1, (15¢)
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Note that the gravity vector g,(¢.,) is now a function of the latitude at the reference point ¢,,, and it is computed only
once. However, the Earth rotation in the local navigation frame w2 = C,. (¢, A)w?" is still a function of the latitude
and longitude at a given time instance. Thus, in practice, the Earth rotation is updated along with the vehicle position.

The continuous-time kinematics equations can be rewritten as

Cap = Cap (W)™ = (@)™ Cap, (16a)
VU = Copfy + o) — (W) vEV/E (16b)
I.‘Zw _ Véw/i . (wg,z) X I‘Zw. (16¢)

In a compact form, (16) can be written as

K20 = GXZY 4 X2 (7
— (@) gy 0] [Cw vi e [Cw e ] [(wi)C £ 0

— 0 0 -1 0 1 0 + 0 1 0 0 0o 1{, (17b)
0 0 0 0 0 1 0 0 1 0 0 0

where g% = g,(¢w), X2 € SE5(3) is the state of the vehicle, G € R5*® is the gravity matrix, and U € R®*5 is the

a
input matrix.

The compact continuous-time kinematics from (17) has a form of a differential Sylvester equation [9]. Assuming the
input matrix at t;_1 is constant over the integration period At = t;, — t;_1, the solution to the differential Sylvester
equation with initial condition Xo = (XZ}), _; is

(Xab )i = exp (AtG) (XGY),_y exp (ALU (tr—1)) (182)
= Gt (X3 Usr (18b)
The detailed derivation of the discrete-time Gy_; and Uj,_; are in Appendix A and Appendix B, respectively. For clar-

ity of notation, recall that the time argument ¢ has been omitted from the states and the measurements as C,, = Cqp (),
@P* = @be(t), and £, = £, (t). Therefore, to indicate a state at some arbitrary time ¢ a subscript is added to the ve-
hicle/sensor frame and datum. For example, Cup, = Coup(tr), AL o =1 (ty), By, = By (tr),
and ngk = nj(tx). Also for further derivations, the subscripts and the superscripts of the states are omitted unless

necessary. For example, Ciy = Cap,» Vi = V"% 1y = 12+, and X, = (X2%),.
y k a ab

4.2 Input Matrix

The components of the input matrix are simply a combination of a skew-symmetric matrix of an angular velocity and
the specific force, which are the measurements from the gyroscope and accelerometer, respectively. Thus, substituting
the gyroscope and accelerometer models, (6) and (1), respectively, in U yields

(+m) @ -y —mf-Bom)) (M (B 8g - ) 0
U= 0 0 1| - (19
0 0 0

Neglecting the misalignment error matrices M9 = M® = B9 = 0, the input matrix simplifies to

(@ B¢ )" tH-Bf—mf 0
0

— 0 1| =D+U-B-—N, (20)
0 0 0
where
0 0 0 5 al” IBA A
D=0 0 1|, U= €s5e3(3), B= €s5e2(3), N=|"| €ses(3), 1)
0 0 0 0 0 0
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u’ = ngiT f'bT BT =[BT B*T],andn™ = [n9" n°T]. The matrix D is a constant matrix that is referred to

as a “time machine” in [10, § 9.4.7].

Taking the matrix exponential of the input matrix at ¢; over the integration period At is

U, = exp (AtU(t}c)) (22a)
exp (Atw:) Ath (Atwk) fk %AIQN (Atwk) fk
= 0 1 At . (22b)
0 0 1

This discretized input matrix can be decomposed into a constant part and a time-varying part as

10 0 exp (Atw,:) AtJ[ (Atwk) fk %AtZN (Atwk) fk
U,=D.U,= |0 1 At 0 1 0 , (23)
0 0 1 0 0 1

where Dj, = exp(DAt) and U, € SE(3). The decomposition will be useful for further derivation.

S Preintegration

This section is an extension to [3, 5] and [10, §9.4.8]. The high-frequency IMU measurements can be integrated
between two timestamps such that the states can be estimated at a lower frequency. The compact form in (18) can
easily propagate multiple states from some arbitrary time ?; to ¢;

j—1 j—1

X; = <H Gk> X, (H Uk> (24a)
k=i k=i

= G, XUy, (24b)

where the term G;; is constant and does not depend on either state or measurements. The derivation of G;; is shown
in Appendix C. The term Uj; is referred to as relative motion increment (RMI) generated from multiple IMU mea-
surements. Preintegration is the process of computing the RMI from multiple IMU measurements and propagating its
uncertainty. The following sections discuss the error dynamics of the RMI and its noise propagation.

5.1 Continuous-time RMI Error Dynamics

The RMI dynamics from ¢; to some arbitrary time ¢y, is given by

k—1 k—1 AC;, Avy Arg
Uy = Uy [JU- = Usi [] exp (Ut-A1) = | 0 1 Aty |, (25)
T=1% T=i 0 0 1

where U;; = 1 is the initial condition of the RMI at ¢;. This discretely integrates the input matrix over the integration
period At from ¢; to t;. However, the continuous-time RMI kinematics,

tr
Uik+1 = U exp (/ U(T)dT) , (26)
123

integrates the continuous input function. Denoting E(¢;, t;) = U1 = D(t;, tx)E (¢, tr), where E' (¢;, ;) € SE2(3),
the time derivative of the above equation is then

E(ti,t) = E(ts, )U(?). 27)

The time argument ¢ is omitted for brevity unless necessary for the following derivations. The error of the RMI is
defined in two ways, either by right multiplication or left multiplication, as
sER =81

o=k

[
[1

; (28a)
(28b)

—

Il
[1]
[l
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The time-derivative of the RMI error by right multiplication is given as

SER—ElE+E'E (292)

- ElEElE4+EE (29b)
=-2'(E(D+U-B)E'E+E(EU) (29¢)
=-(D+U-B)fE+/E(D+U-B-N) (29d)
d5(1+5u )=-(MD+U-B)(1+u")+ (1+du")(D+U-B-JB-0N) (29%)
= —Ddéu" + éu"D — (U—B) su" + 6u” (U—B) — 6B — 6N+ H.O.T (29f)

~ (—ad (D) 6u)" + (—ad (U — B) 6u)" — 6B — 4N, (29g)

6u = (—ad (D) —ad (U —B)) éu — 6BY — NY, (29h)

where ad (D), the adjoint matrix of the time-machine matrix, is given in Appendix D.

The time-derivative of the RMI error by left multiplication is given as

SEL —EE-1 4 mE-! (30a)

—E= ' —EE B! (30b)
=EUE!'-EE'E(D+U-B)E"! (30c)

= 0EE (—0B - IN)E™! (30d)

~ % (1+6u") = (1+6u")E (6B —N)E! (30e)
==2(—6B—-N)E~ ' +HO.T (30f)

~ D(t:, )2 (ti,t) (0B — 6N) &'~ (t;, )DL (t;, 1) (30g)

=D(t;,t) (Ad (E'(t;,t)) (6B — ON)” ) D~ 1(t;,1) (30h)

— (Ad (D(t;,1)) Ad (E'(t;, 1)) (—6B — 6N)") ", (30i)

su=—Ad (D(t;,t)) Ad (E'(t;,t)) 0BY — Ad (D(t;,t)) Ad (E'(t;, 1)) ONY, (30j)

where Ad(D(t;,t)) is given in Appendix D, and E(t;,t) ~ Z;lz Uy, is the accumulated relative motion increment
from E(¢;,¢;) = 1 to time ¢.

5.2 Incorporating Bias

In practice, biases are not observable when dead-reckoning with an IMU. Thus, the gyroscope and accelerometer biases
are assumed to be constant over the integration period. Despite the constant mean of the biases, their uncertainties
grow over time. Thus, the first-order approximation of the continuous-time random walk biases are compounded to
the RMI error dynamics as

[gg} _ [—ad (D) —(;ad (U-B) —OH} [ } [ oH (1)} [ } o, o1
[gg} _ [g ~Ad (Eéto, ))H] [gg} N {— éoto,t) J LW’} o, Gib

where Ad(E(to,t)) = Ad(D(to, t))Ad(E/ (to,t)), and
H_B " gT' (32)
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5.3 Covariance Propagation

The continuous-time RMI error dynamics can be discretized using Van Loan’s method [11]. Given a continuous-time
linear system

x = A(t)x + L(t)n(t), (33)
where () ~ N(0,Q(¢)) is a white Gaussian noise. The corresponding discrete-time system is
Xit1 = Axi + i, i~ N(0,Q7), (34)

where Ay and Qg are the discrete-time state transition matrix and process noise covariance matrix, respectively.
Assuming that the system is time-invariant over the interval [tg, tx1], these matrices can be computed by taking the
matrix exponential of the following block matrix

o ([0 LIQUOLT] o) [T TR, -
and the discrete-time matrices are then given as

A =TI, (36)

Qf = Yi’AL. (36b)
This results in an RMI covariance to be propagated recursively by

Qitr1 = AvQicAf + Qf, (37)

which is initialized with Q;; = 0. Also, the RMI Jacobian is propagated recursively from J;; = 1 as

Jik+1 = Ardik. (38)

6 IMU Factor

There are two approaches to fusing IMU measurements in a continuous-time framework: preintegration and gyro as a
measurement.

6.1 Preintegration Factor

Recall the IMU propagation model in (24) that involves the preintegration. The preintegrated IMU residual for two
subsequent states at ¢; and t; is defined as

Q) (fJ;'; S ﬁij (Xi, X]))

I
e . (X) = , 39a
i (X) 8, - B (39a)
N 5 DU,
+ _ : ij
Ul =000 5, 98 (39b)

where (-) denotes the right- or left-operators, ﬁij is the preintegrated IMU measurement from (25), Dﬁij /DB is a
sub-block of (38), the Jacobian of the preintegrated IMU measurement with respect to the IMU biases, 63; = 3; — B,
is the difference between the current bias and the bias used for preintegration, and U;;(X;,X;) = (G;;X;) ~'X;.
Detailed derivations of the preintegrated IMU Jacobian are provided in Appendix E.

6.2 Gyro as a Measurement Factor

Another way of using the IMU is to treat it as a high-frequency measurement proposed by [12]. Recall the simplified
gyroscope model (9). Since the angular velocity is part of the state, the rate gyro measurement can be directly related
to the angular velocity state,

e‘ll'g(X):Lbll::a_wll;a(xiaxjaT)_lag(Xiaxj?T)a ti<T<tj7 (40)
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where &Jé’:“ is the measured angular velocity at time 7, and w}®(X;, X;,7) and Bf(X;, X, T) represent the an-
gular velocity and bias states queried at time 7, respectively. While the angular velocity state is queried using GP
interpolation, the bias state is queried using linear interpolation,

B(Xi, X;,7)=(1—0a)B; +ap;, az;, t; <1<t 41)

The acceleration, however, is not part of the state space, so the acceleration measurement cannot be directly related to
the state variables. The accelerometer measurements are, therefore, preintegrated to get the change in velocity, and the
change in velocity can be related to the state variables. Recall the discrete-time IMU kinematics with pre-integration
(24),

Tj = G”TlU”

Neglecting the Earth’s rotation and the position columns in the above equation yields

Cup, vl _[1 82 [Cup vi™/*] [AC; Aviy] 42)
0 1 0 1] 0 1 0 1
—_—
T; Gij T; Ui

where T}, G} o T;», and U}, ; have the same structure as elements of SE(3). In [13], the author calls this a homogeneous
Galilean group, HG(3), to avoid confusion with the special Euclidean group, SE(3) that consists of a rotation and
translation instead of a rotation and velocity. However, since HG(3) and SF(3) are isomorphic, SE(3) is used in this
thesis. The input matrix Ugj can be computed similarly to the RMI described in Section 5 by compounding the input
matrix U/ at each time step, which is given as

7j—1 Jj—1
U, =[] U, =[] Bxp (u61), (43)
T=1% T=1

where v/ T = {wé’*ﬂ (fp, — ﬂgT)T] Since the angular velocity is part of the state space, the input matrix now

consists of the state variable. Given that the preintegration of the acceleration measurement is a function of the
angular velocity state, accelerometer measurement, and the accelerometer bias state at each time step 7, the residual
can then be formulated as

elf(x)y=1[0 1]0 (U, 0U,), (44a)

ij
U, = (G,T) 7' T, (44b)

where () denotes the right- or left-operators. The Jacobian of the residuals e9 and el with respect to the state is
derived in Appendix E.2. With the random walk model for the biases,

e/ (X) = B; — Bi, (45)
the IMU cost function J! is now
T = el @, el (X, - Y IR, (6)
; TELii+1

where %7, , X, and Xz, are the covariance of the preintegrated acceleration measurement, the bias random
walk, and the gyroscope measurement, respectively.

The major drawback of this approach is that during the preintegration of the acceleration measurement, the angular
velocity and the accelerometer bias state are queried at each measurement time step, which defeats the purpose of
preintegration. This problem could be solved by using the white-noise-on-jerk (WNOJ) motion prior, but this would
require the angular acceleration to be part of the state space, which is not observable.
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A Discrete-time Gravity Matrix

The discrete-time Gy _1, with ¢ = w and At =t} — t_1, is

Gi—1 = exp (AtG) (47a)
=y % (ALG)* (47b)
k=0 "
1 1 1
=1+ MG+ 5 (AtG)? + G (ALG)® + o (ALG)* + ... (47¢)

—¢* g Az (@) —¢*g -8
=1+ At — —_—
2
x\3 x\2 X x\3 x\2 (@7d)
A [~ @) ()8 @8l Ap [(@) —(¥)g —(¢)g
o Tor *
Gi_1 Zi-1 8
- 1 —At | . (47¢)
1
Note that G is time invariant. Taking each term in the expansion of Gj_; yields
1 X 1 2 1 x\3 1 x\4
G, =1— Aty +§(Atga ) fg(Atgo ) +ﬂ(At<p )+
=1
=>4 (-Ate%)
k=0
= exp (—Atp*), (48)
1 2 1 3
g1 = Atg = SAP g+ AP (%) g o A (07) g+
= At —Atp™
(S e
= At), (—Atyp) g, 49)
1 1 1 2
1 1 1 2
= A (1< (Ate™) + — (Ate™)" — ...
307 (1= 3 (Ar%) 4 35 (8te™)* = . ) g
1 =1 k
= ——At? |2 —— (= Atp*™
2 < ;)(km)!( ") )g
= —1A’N(-Atyp) g, (50)
where the expression for N is in [10, (9.249b)], Thus, (47) can be written as
exp (—Atp*) At), (—Atp)g —3AEN(—Atyp)g
Gy = 0 1 —At . (51)
0 0 1
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B Discrete-time Input Matrix

The input matrix U(-) is time variant but kept constant over the interval [t;_1,¢x]. Based on the assumption, the
derivation of the discrete-time input matrix is analogous to the discrete-time gravity matrix,

Ui_1 = exp (AtU(tk,ﬂ) (52a)
exp (Atw,:_l) Aty (Atwg_1) fr_1 %At2N (Atwy 1) fr_1
= 0 1 At . (52b)
0 0 1

C Preintegrated Gravity Matrix

Preintegration value G;; from (24) is given by

7j—1
Gi; = [[ G» (53a)
k=1
i1 [Exp (—Atreg1)  AtgriaJe (—Atrei190) 8 —3 AL N (—Algr 1) g
=11 0 1 ~Atgrir ., (53D
k=1 0 0 1

where Atgri1 = tr4+1 — tr. Note that the gravity matrix is composed on the left, i.e. for ¢ = 1 and j = 3, the gravity
matrix is

G13 = G2 o G1 (5421)
Exp (—Atasp) Atasle (—Atazp) g —3AL5N (—Atasp) g
0 0 1
a2 (54b)
BExp (—At1agp) Atialo (—Atiap) g —5At1,N(=Atop) g
0 1 —At12
0 0 1
G%s 8%3 g%zz
= 0 1 —Atl — Atg s (540)
0 0 1
where
G13 = Exp (—Atysp) Exp (—Atya¢) (55)
g7 = Exp (—Atasp) At1oJe (—At12p) g + Atgsl, (—Atasep) g, (56)

g§3 = 7EXp (7At23l.p) %At%N (7At12Q0) g — AtlgAtgng (7At23g0) g — %AtggN (7At23§0) g (57)
Note that if o = 0, then G1; = 1, g2; = (At12 + Ata3) g, and g35 = —% (At12 + At23)2 g, then
1 Atlgg —%At%z))g

Gi3= 1|0 1 —Aty3 | . (58)
0 0 1

D Adjoint Matrix of a Time Machine Matrix

The adjoint matrix of the time machine matrix D in (21) is defined as

ad (D)€ 2 (D" — ¢'D)" (59)
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where € € se2(3). This is not equal to the adjoint matrix of a Lie group since the time machine matrix and &
are not in the same Lie algebra. However, the adjoint matrix of the time machine matrix is useful in deriving the
Jacobian matrices of functions acting on the time machine matrix. Also, note that this definition is only valid when
the interacting element is £&" € seo(3). The right-hand side of (59) evaluates to

y 00 0] & & & 34
(DEN —€¢"D)" = 0 0 -1 0 1 0|—10
0 0 0J]0 0 1 0
0 0 0] [0 0 —-&1\"
= 0 0 —1{—1]0 0 -1
0 0 O | 0 0 O
0 0 —¢&]"
=10 0 O
0 0 0
52]
Thus, the left-hand side of (59) becomes
0 0 o
adD)¢E=(0 0 0|¢
0 -1 0

to satisfy the definition of the adjoint.

The adjoint matrix of the discrete time-machine matrix is defined as

3
1

0

Ad(D,_1) ¢ = (Dk71€1@D;;11)v .

Again, the definition of the adjoint matrix of the discrete time-machine matrix is not equal to the adjoint matrix of
a Lie group since the discrete time-machine matrix Dy, and exp(&,) € SE2(3) are not in the same Lie group. The

right-hand side of (62) evaluates to

Y 1 0 0] (& & &) |1
(Dy_1&DY) = [0 1 At 0 1 0}]0
0 0 1 0 1 0
(¢ & &1 0
= 0 1 At| |0 1 —At
0 0 1]]0 0
& & &3 — &AL v
= 0 1 0
0 0 1
[ &
= &2
€3 — E2At

Thus, to satisfy the definition of the adjoint, the left-hand side of (62) becomes

1 0 0

Ad(D,_1)E=10 1 0|¢

0 —At1 1
This also satisfies the property of the adjoint matrix, i.e.

Ad (Dy,_,) = exp (ad (AtD)).

£3
0
1

0
0
0

%

0

0
0 -1
0

0

2

(60a)

(60b)

(60c)

(60d)

(61)

(62)

(63a)

(63b)

(63¢c)

(63d)

(64)

(65)
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E IMU Factor

Two versions of the IMU factor are derived in this section: the preintegrated IMU factor and the continuous-time IMU
factor.

E.1 Preintegrated IMU Factor

Recall the preintegrated IMU factor from (39a),

_ [ (U e U (X4, X)) 7
B; — Bi

DUZ‘J‘
DB, 005, (66b)

where (-) is either R or L that denotes the right- or left-operators, respectively. The Jacobian of the preintegrated IMU
factor w.r.t. the states at time ¢; and ¢; are computed using a chain rule,

el () (662)

fJ;; =U; o0

() pDel. O pel; O DUy, () Del. O Dej; O DUE
WZ] = | DU; DX; T” = | DU DB (67a)
i Bi 1
O Del. ODef; O DU, De!. 0
"% — |"DpuU;, DX; Y= . 67b
b= [P, o |1 &
Note that they both share the Jacobian of the residual w.r.t. the predicted RMI, ﬁij,
RDe/; L ~ L De/; L ~
Do~ T (e) Ad (Exp (—e)), Do, (e) Ad (Exp (e)), (68)
17 17
where € = efj (X). Jacobian of the predicted RMI w.r.t. the extended pose at t; is given as
RDU,L 1 - . LD[jZ .
et = —Ad(U7) = Ad (U)') Ad (D7), et = —Ad(X). (69)
Jacobian of the residual w.r.t. the extended pose at ¢; is given as
EDU,; LDU;; _
=t 5= Ad (X;lc’ijl) Ad (D). (70)
J j
Moreover, Jacobian of the residual w.r.t. the bias corrected RMI, fJ;'; is given as
Ryl Lyal
fo =J ' (@), fo =J;" (e (71)
DUij DUij
And, Jacobian of the bias corrected RMI w.r.t. the IMU bias at ¢; is given as
Rt = = L D1+ B -~
DU, =J, DU (Bi — Bi) DUy DUy =J DU (Bi — Bi) DUU- (72)
Dg; Dg; DB;’ Dg; Dg; Dg;

E.2 Gyro as Measurement Factor
Before deriving the continuous-time IMU factor, recall the bias interpolation function from (41),

B(r) = (1 — )i + aB;, azf—t, <1<t
7 — U
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The Jacobian of the linear interpolation w.r.t. the two knot states is given as

DB(r) DB .

DB; = DB; =1-q, (73a)
Dg(7) DB,

DB; = DB; = . (73b)

Now, recall the gyroscope measurement factor from (40),

eﬁg(é\f) = L:Jll::a — w’lj“'(Xi, Xj,T) — ,@g(Xi,Xj,T), t; <1< tj.
Given w, = wP*(X;, X;,7) and B¢ = B)(X;, X, ), the Jacobian of the interpolated angular velocity and bias
w.r.t. the T, o, and 3, are given as

Dw, Dw, Dw,

DT, Do, [ 9], DB, (742)
Dp9 DpY Dg9
T =0 ~ =0 T =11 0|. 74b
DT, ’ Do, ’ Dg, [ ] (740)
Then, the Jacobian of the residual w.r.t. the interpolated angular velocity and bias are given as
O)Dels  Dw, )Dw, Del  Dw. Dw, Dels  DBI DB, 75
DXk h Dw.,- DXk ’ Dwk o DWT Dwk ’ D,Bk o D,BT D,@k ’
where k € {i,j}, and ) Do, / DX}, and Do, / Dwy, are the interpolation Jacobians.
E.3 Preintegrated Velocity Factor
Recall the accelerometer measurement factor from (44),
elf(X)=1[0 110 (U, 0U,),
=/ AL
U, = (G,,T;) T}
The Jacobians of the accelerometer measurement residual w.r.t. the state are
() Dela O pele pu.. O pele DU
LV [0 ] ) ] : 17 1] ’ (77a)
DX, DU i DXj DUgj DX,
() Dela () pele DU,
— Y =00 1 Yy 77b
Duwy, [ ] DU;j Dwy, ’ ( )
() pela () pele DU,
=0 1] (77¢)
DB DU;; DpBk

where k € {i,j}. Then, the Jacobian of the residual w.r.t. the preintegrated and predicted RMI, U;j and U}, is
respectively given as

e 1 @ Ad (Bxp (o) e L @AdEeE). 0%
—— = — e —e)), = — e ), a
DU, r Xp DU, ¢ xp
“De Jl(e “hey I (e 78b
DU;J — dJdr (e) 9 DU;J — Jy (e) ? ( )
where e = eff(/'\_,’ ). The Jacobians of the predicted RMI w.r.t. the state at time ¢; and ¢; are
ODU,  ropo Epu; - LpU;, _
Jj _ DU, o ' —1 o r—1
B = B P = ~Ad (0,7, Py = Ad(T), (79a)
DU O pi EpU . LpuU,
ij DU, ij ij 1oy —1
= i ) =1, = Ad ( (G;,T; . 79b
ox, =lor o o pr, = AL(@T)) o
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Now, to derive the Jacobian of the preintegration w.r.t. the state, DU,’i j /DX ;, the Jacobian w.r.t. the state at each time
step is first derived. Consider the discrete-time input composition

U, =U; Exp (u.6t), t <71 <t (80)

The discrete-time input composition is linearized with right-perturbation as

ir+1 = Ui Exp (uldt), (81a)

Ui, 10Uy = U}, 0U; Exp (0] + ou’) ot) (81b)
~ U, _6U, Exp (u.dt) Exp (], (u.6t) 6tou’) (81c)

= U], Exp (u,.6t) Exp (Ad (U, ") 6u},) Exp (J, (.dt) 6tou’.), (81d)

§U;.,, = Exp (Ad (U, ") sul,) Exp (J, (0,6t 6tou’.), (8le)

Suf .y =Ad (UL71) sul, + J, (u,6t) Stou. 81f)

Similarly, with left-perturbation, the discrete-time input composition is linearized as

tre1 = Ul _Exp (u6t), (82a)
0} 41 Uj, 1 = 0UL Uy Exp (W] + ou’) 6t) (82b)
~ 60U, U, Exp (J, (0,.t) 5téu’.) Exp (@.6t) (82¢)

= 6U; Exp (Ad (U}, ) J, (u)0t) 6téu’ ) U, Exp (u.dt), (82d)

5U,, | = 0U,, Exp (Ad (U),) J, (W,6t) 5tou,) | (82¢)
duf = ou; + Ad (Uj,) J, (0.6t) stou’,. (82f)

Thus, the Jacobian of the preintegration w.r.t. the state at each time step can be written as

DUy Ad (U;_,,) I, (u.6t) 6t “DUy _ Ad (U;,) J¢ (u,6t) 6t (83)
Dllf,. - j—17) dr \(Ur ’ Dllg, - i) Je \Ur .
The relation between the perturbed input, ou’., and the states are
dwire
ou; = [ ” } : (84)
—03,

To relate the Jacobian at each time step to the input states, (X';, X ;), the interpolation Jacobians can be chained to the
above Jacobian,

dw ODw ODw ) D ) Do
) r = T = 7'6 7'5 i 7—5 ) 77—6 ,
= stbl DX; &+ Dw; wit DX &+ Dw; “i (852)
YDw. O Dw, O Dw, O Dw,
= [“%xvlr 08 + | hm [ dwit | iy | 0&+ | (et | dwy, (85b)
i " Dw; DX, “Da;
O Dw O) Dw () Dw () Dw
d T = ) i ) i T o€ _ TS i
w DX, &+ Dw; w; + DXj fj + ij w; (85¢)

where Dzo, /DXy, and Do, /Dwy, are the interpolation Jacobians for k& € {i,j}. Thus, the perturbed input can be
rewritten as

’ Dw, / Dw, !
DuT — | DXk , % = | Dwg s DuT = Doﬁa ) (86)
DX, 0 Duw;, 0 DB — DA

where k € {i,j}. Finally, the Jacobian of the preintegration w.r.t. the state can be written as the sum of the Jacobian
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and chained to the Jacobian of the preintegration w.r.t. the state at time at each time step

Gpuy; {2 ODU Du!

= 4 87
DXy, ; Du. DX’ (872)
Opu. 22 ODU. pu’
Vo3 g 28 (87b)
Dwy, — DllQ- Dwy,
Opu.. 22 ODU. pu’
- Ur (87¢)
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